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FINITENESS CONDITIONS FOR THE WEAK
COMMUTATIVITY CONSTRUCTION
R. BASTOS, B. LIMA, AND R. NUNES
Abstract. The operator, χ, of weak commutativity between
isomorphic groups G and Gϕ was introduced by Sidki as
χ(G) = 〈G ∪Gϕ | [g, gϕ] = 1 ∀ g ∈ G〉 .
It is known that the operator χ preserves group properties such
as finiteness, solubility and also nilpotency for finitely generated
groups. We prove that if G is a locally finite group with exp(G) =
n, then χ(G) is locally finite and has finite n-bounded exponent.
Further, we examine some finiteness criteria for the subgroupD(G) =
〈[g1, g
ϕ
2
] | gi ∈ G〉 6 χ(G) in terms of the set {[g1, g
ϕ
2
] | gi ∈ G}.
1. Introduction
Let Gϕ be a copy of the group G, isomorphic via ϕ : G → Gϕ,
given by g 7→ gϕ. The following group construction was introduced
and analyzed in [17]
χ(G) = 〈G ∪Gϕ | [g, gϕ] = 1, ∀g ∈ G〉.
The weak commutativity group χ(G) maps onto G by g 7→ g, gϕ 7→ g
with kernel L(G) = 〈g−1gϕ | g ∈ G〉 and maps onto G × G by g 7→
(g, 1) , gϕ 7→ (1, g) with kernel D(G) = [G,Gϕ]. It is an important fact
that L(G) and D(G) commute. Define T (G) to be the subgroup of G×
G×G generated by {(g, g, 1), (1, g, g) | g ∈ G}. Then χ(G) maps onto
T (G) by g 7→ (g, g, 1), gϕ 7→ (1, g, g), with kernelW (G) = L(G)∩D(G),
an abelian group. In particular, the quotient χ(G)/W (G) is isomorphic
to a subgroup of G × G × G. A further normal subgroup of χ(G) is
R(G) = [G,L(G), Gϕ]. The quotient W (G)/R(H) is isomorphic to the
Schur Multiplier M(G) (cf. [12]).
In [17], Sidki proved that if G is finite, then so is χ(G). Other
finiteness conditions for the weak commutativity group were considered
in [7, 8, 12]. An interesting construction related to the group χ(G) was
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introduced by Rocco [13]. More precisely, in [13], Rocco defined the
group ν(G) as
ν(G) = 〈G ∪Gϕ | [g1, g2
ϕ]g3 = [g1
g3 , (g2
g3)ϕ] = [g1, g2
ϕ]g
ϕ
3 , gi ∈ G〉.
It is a well known fact (see [13, Proposition 2.6]) that the subgroup
[G,Gϕ] of ν(G) is canonically isomorphic with the non-abelian tensor
square G⊗G, as defined by Brown and Loday in their seminal paper [6],
the isomorphism being induced by g ⊗ h 7→ [g, hϕ]. Other interesting
homological functors appeared as sections of the non-abelian tensor
square (cf. [6, Proposition 4.10]). Moreover, in [13, 14], it was proved
that the constructions χ(G) and ν(G) have isomorphic quotients. More
precisely,
ν(G)
∆(G)
∼=
χ(G)
R(G)
,
where ∆(G) = 〈[g, gϕ] | g ∈ G〉 6 ν(G). See [13, Remark 2] and
[14, Remark 4]) for more details. In order to avoid confusion with
other mentioned constructions, unless otherwise indicated, the only
subgroups considered are related to the construction χ(G). We consider
the following sets/subgroups of χ(G): Tχ(G) = {[g, h
ϕ] | g, h ∈ G},
D(G) = [G,Gϕ], L(G) = 〈g−1gϕ | g ∈ G〉 and R(G) = [G,L(G), Gϕ].
A celebrated result due to Zelmanov [19, 20, 21] is the positive so-
lution of the Restricted Burnside Problem (RBP for short): every m-
generator finite group of exponent n has {m,n}-bounded order. As
usual, the expression “{a, b, ...}-bounded” means “bounded from above
by some function which depends only on parameters a, b, ...”. In [10],
Moravec proved that if G is locally finite with exponent exp(G) = e,
then the group ν(G) is locally finite with e-bounded exponent. The
group G is said to have a certain property locally if each finitely gen-
erated subgroup of G has this property. We establish the following
related result.
Theorem A. Let n be a positive integer. Let G be a locally finite group
with exp(G) = n. Then the group χ(G) is locally finite with exponent
exp(χ(G)) finite and n-bounded.
In [2, 3, 4, 5], the authors study the influence of the set of all tensors
T⊗(G) = {g⊗h | g, h ∈ G} ⊆ ν(G) on the structure of the non-abelian
tensor square G ⊗ G and related constructions. For instance, in [2],
it was proved that the set of tensors {g ⊗ h | g, h ∈ G} is finite if
and only if the non-abelian tensor square G⊗G is finite. In the same
direction, in [2], it was shown that if G is a finitely generated residually
finite group such that the exponent of the non-abelian tensor square
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exp(G ⊗ G) is finite, then G is finite. We can extend these results to
the context of the weak commutativity construction.
Theorem B. Let G be a group. The set Tχ(G) is finite if and only if
D(G) is finite.
An immediate consequence of [16], is that if G is a residually finite
group satisfying some non-trivial identity in which all commutators
[x, y] have order dividing some p-power order, for some fixed prime p,
then the derived subgroup G′ is locally finite. We obtain the following
related result.
Theorem C. Let p be a prime. Let G be a residually finite group
satisfying some non-trivial identity. Assume that for every x, y ∈ G
there exists a p-power q = q(x, y) such that [x, yϕ]q = 1. Then the
subgroup D(G) is locally finite.
A natural question arising in the context of Theorem C is whether
the theorem remains valid with q allowed to be an arbitrary natural
number rather than p-power. This is related to the conjecture that
if G is a residually finite group and every commutator [x, y] has order
dividing a fixed number n, then the derived subgroup G′ is locally finite
(cf. [15]).
Given a group G, an element g ∈ G is called a (left) Engel element
if for any x ∈ G there exists a positive integer n = n(x, g) such that
[x,n g] = 1, where the commutator [x,n g] is defined inductively by the
rules
[x,1 g] = [x, g] = x
−1g−1xg and, for n ≥ 2, [x,n g] = [[x,n−1 g], g].
If n can be chosen independently of x, then g is called a (left) n-Engel
element, or more generally a bounded (left) Engel element. The group
G is an Engel group (resp. an n-Engel group) if all its elements are
Engel (resp. n-Engel). Following Zelmanov’s solution of the RBP
[19, 20, 21], Wilson proved that every n-Engel residually finite group is
locally nilpotent [18]. Later, Shumyatsky shown that if G is a residu-
ally finite group in which all commutators [x, y] are n-Engel, then the
derived subgroup G′ is locally nilpotent [15]. In the context of the weak
commutativity construction, Gupta, Rocco and Sidki proved that if G
is locally nilpotent, then so is χ(G) (cf. [7]). We obtain the following
related result.
Theorem D. Let G be a residually finite group satisfying some non-
trivial identity. Assume that for every x, y ∈ G there exists a positive
integer n = n(x, y) such that [x, yϕ] is n-Engel in χ(G). Then D(G) is
locally nilpotent.
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The paper is organized as follows. In the next section we proof The-
orems A and B. Section 3 contains the proofs of Theorems C and D.
The proofs of the main results rely on Zelmanov’s techniques that led
to the positive solution of the RBP [19, 20, 21] (see [15] for a survey).
2. Local finiteness criteria for the weak commutativity
construction
Schur [11, 10.1.4] shown that if G is a group whose center Z(G)
has finite index n, then the order of the derived subgroup G′ is finite
and the exponent exp(G′) divides n. In particular, the group G is
a BFC-group. Neumann [11, 14.5.11] improved Schur’s theorem in a
certain way, showing that the group G is a BFC-group if and only if
the derived subgroup G′ is finite, and that this occurs if and only if
G contains only finitely many commutators. Recall that a group G is
called a BFC-group if there is a positive integer d such that no element
of G has more than d conjugates. An immediate consequence of Schur’s
Theorem that if G is a group in which the quotient G/Z(G) is locally
finite, then the derived subgroup G′ is also locally finite. In [9], Mann
shows the following quantitative version of the above result.
Lemma 2.1. (Mann, [9, Theorem 1]) Let n be a positive integer. Let
G be a group in which G/Z(G) is locally finite with exp(G/Z(G)) = n.
Then the derived subgroup G′ is locally finite and exp(G′) is finite with
n-bounded exponent.
For the reader’s convenience we restate Theorem A.
Theorem A. Let n be a positive integer. Let G be a locally finite group
with exp(G) = n. Then the group χ(G) is locally finite with exponent
exp(χ(G)) finite and n-bounded.
Proof. It is well know that the quotient χ(G)/W (G) is isomorphic to a
subgroup of G×G×G. So the groups χ(G)/W (G) and L(G)/W (G) are
locally finite with exponent n. Note that W (G) is a central subgroup
of L(G). By Lemma 2.1, we deduce that the derived subgroup L(G)′ is
locally finite with n-bounded exponent. There is no loss of generality
in assuming that L(G) is abelian. Since L(G) is generated by elements
of the form [g, ϕ] = g−1gϕ, g ∈ G, it is sufficient to prove that these
generators have n-bounded orders. Note that [gk, ϕ] = [g, ϕ]k, for all
k ∈ Z. Let m be the order of the element g ∈ G. Consequently,
1 = [gm, ϕ] = [g, ϕ]m.
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In particular, the order of the element [g, ϕ] divides n for every g ∈ G.
We deduce that L(G) is locally finite and exp(L(G)) is finite with n-
bounded exponent, as well. The proof is complete. 
Remark 2.2. In the above result we use Mann’s theorem [9], which
relies on the positive solution of the RBP.
The following result is an immediate consequence of [17, Theorem C
(iii)].
Lemma 2.3. Let G be a finite group. Then the weak commutativity
group χ(G) is finite.
We are now in a position to prove Theorem B.
Theorem B. Let G be a group. The set Tχ(G) is finite if and only if
D(G) is finite.
Proof. Clearly, if D(G) is finite, then Tχ(G) is finite. So we only need
to prove the converse.
Since Tχ(G) is finite, it follows that the set of all commutators is
finite. In particular, the group G is a BFC-group. By Neumann’s result
[11, 14.5.11], the derived subgroup G′ is finite. As W (G) is a central
subgroup of D(G) and the quotient group D(G)/W (G) is isomorphic
to the derived subgroup G′ we have W (G) is a central subgroup of
finite index in D(G). Without loss of generality we may assume that
D(G) is abelian. By [17, 4.1.13] we have a the following exact sequence
[G′, Gϕ] →֒ [G,Gϕ]։
[
Gab,
(
Gab
)ϕ]
.
By [17, 4.1.13],
[G′, Gϕ] = [G,Gϕ] ∩
〈
G′, (G′)
ϕ〉
,
which is finite, because the derived subgroup G′ is finite and the sub-
group 〈G′, (G′)ϕ〉 is an epimorphic image of χ(G′) (Lemma 2.3) and we
may assume that G is abelian. Hence, for all a, b ∈ G,
[a2, bϕ] = [a, bϕ]2 ∈ Tχ(G).
Since Tχ(G) is finite, it follows that every element [a, b
ϕ] has finite
order. We conclude that the subgroup D(G) is finite, which completes
the proof. 
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3. Finiteness conditions for the weak commutatity of
residually finite groups
Recall that a group G is called an FC-group if every element of G has
a finite number of conjugates. A subset X of a group is commutator-
closed if [x, y] ∈ X for any x, y ∈ X . We need the following result, due
to Shumyatsky [16].
Lemma 3.1. Let G be a residually finite group satisfying some non-
trivial identity f ≡ 1. Suppose G is generated by a normal commutator-
closed set X of p-elements. Then G is locally finite.
We are now in a position to prove Theorem C.
Proof of Theorem C. We first prove that the derived subgroup G′ =
〈[x, y] | x, y ∈ G〉 is locally finite. For every x, y ∈ G there exists a
p-power q = q(x, y) such that [x, yϕ]q = 1. In particular, we deduce
that every commutator has finite p-power order. By Lemma 3.1, the
derived subgroup G′ is locally finite.
LetM be a finitely generated subgroup of D(G). Clearly, there exist
finitely many elements a1, . . . , as, b1, . . . , bs ∈ G such that
M 6 〈[ai, b
ϕ
i ] | i = 1, . . . , s〉 = N.
It suffices to prove that N is finite. Since the subgroupW (G) is central
in D(G) and the factor group D(G)/W (G) is isomorphic to G′, it
follows that N is a central-by-finite group. By Schur’s Theorem [11,
10.1.4], the derived subgroup N ′ is finite, so N is an FC-group. Since
the torsion set form a subgroup in FC-groups (Neumann, [11, 14.5.9]),
we deduce that N is finite. Since M was chosen arbitrarily, we now
conclude that D(G) is locally finite. The proof is complete. 
Corollary 3.2. Let m be a positive integer and p a prime. Let G be
a residually finite group. Suppose that for every x, y ∈ G the element
[x, yϕ] has order dividing pm. Then D(G) is locally finite.
Proof. We first show that the group G satisfies a non-trivial identity.
For every x, y ∈ G the element [x, yϕ] has order dividing pm. In par-
ticular, we deduce that every commutator [x, y] has order dividing pm
and so, the group G satisfies the identity
f = [x, y]p
m
≡ 1.
Applying Theorem C to D(G), we deduce that D(G) is locally finite,
as well. 
Remark 3.3. Note that the finiteness of D(G) does not imply the finite-
ness of the group G. For instance, if G = C∞, then D(G) is trivial
and χ(G) ∼= C∞ × C∞.
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The next lemma is taken from [1].
Lemma 3.4. ([1, Theorem A]) Let G be a residually finite group satisfy-
ing a non-trivial identity. Suppose that G is generated by a commutator-
closed set X of bounded Engel elements. Then G is locally nilpotent.
Theorem D. Let G be a residually finite group satisfying some non-
trivial identity. Assume that for every x, y ∈ G the element [x, yϕ] is a
bounded Engel element in χ(G). Then D(G) is locally nilpotent.
Proof. Since W (G) is a central subgroup of D(G) and D(G)/W (G) is
isomorphic to the derived subgroup G′, it suffices to prove that G′ is
locally nilpotent.
For every x, y ∈ G there exists a positive integer n = n(x, y) such
that the element [x, yϕ] is n-Engel in χ(G). In particular, we deduce
that for every x, y ∈ G the commutator [x, y] is a bounded Engel (in
G). By Lemma 3.4, the derived subgroup G′ is locally nilpotent. The
proof is complete. 
Corollary 3.5. Let n be a positive integer. Let G be a residually
finite group. Assume that for every x, y ∈ G the element [x, yϕ] is
n-Engel (in χ(G)). Then D(G) is locally nilpotent.
Proof. We first prove that G satisfies a non-trivial identity. Since every
element [x, yϕ] is n-Engel (in χ(G)), it follows that every commutator
[x, y] is n-Engel (in G). In particular, the group G satisfies the identity
f = [z,n [x, y]] ≡ 1.
Applying Theorem D for D(G), we obtain that D(G) is locally nilpo-
tent. The proof is complete. 
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